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Abstract
For every uncountable cardinal κ we construct, in ZFC, a space Xκ such that
(a) the product of Xκ with every metrizable space is normal;
(b) Xκ has an increasing ω1-cover by open sets that has no refinement by  κ many closed sets.
This answers a question of M.E. Rudin. It also proves a conjecture of K. Morita on a characterization
of metrizability in terms normality of products.  2001 Elsevier Science B.V. All rights reserved.
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Introduction
This paper is concerned with proving the following theorem.
Theorem 1. For every countable cardinal κ there is a space Xκ such that
(a) the product of Xκ with every metrizable space is normal;
(b) Xκ has an increasing open cover 〈Wµ〉µ<ω1 that has no refinement with  κ closed
subsets.
Theorem 1 proves Conjecture 9 in Rudin’s problem book article [10], and combined with
work done in [5], it also proves Morita’s Second (and thus, all three) Duality Conjecture
on normality in products.
Here we briefly recall these duality conjectures and progress made before this paper. For
a more detailed survey devoted to Morita’s conjectures see [1].
For a class of spaces P let us define the Morita dual P∗ to be the class of all spaces X
such that X × Y is normal for every space Y in P . As usual, we put P∗∗ = (P∗)∗. The
three conjectures, listed in order of increasing strength, are the following.
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Morita’s First Conjecture. If P is the class of all discrete spaces, then P∗∗ =P .
Morita’s Third Conjecture. If P is the class of all σ -(closed locally compact) metric
spaces, then P∗∗ =P .
Morita’s Second Conjecture. If P is the class of all metrizable spaces, then P∗∗ =P .
Morita raised these conjectures at the 1976 Prague Topological Symposium [8]. Rudin
proved the first conjecture with the technique of generalized Dowker spaces [9]. (This may
be a good time to note that as simple as the class of discrete spaces may seem, Morita’s
First Conjecture is the very strong statement that for every nondiscrete space X there is a
normal space Y such that X× Y is not normal.)
Significant progress was made on the other two conjectures.
Theorem 2 [5]. If there is a space as in Theorem 1, then Morita’s Second Conjecture is
true.
It has also been shown that the second conjecture implies the third implies the first.
Rudin and Beslagic [4] then constructed a space as in Theorem 1 from V = L, giving a
consistency proof of the second and third conjectures. The author of this paper proved the
third conjecture in ZFC [3]. Work on the conjectures now is completed by proving the
second conjecture in ZFC in this paper.
Let P be the class of all metrizable spaces. Morita [7] characterized members of P∗ that
are now called normal Morita P -spaces (see Definition 2.2 in this paper).
The technique of proof of Theorem 1 is similar to the technique of building a Dowker
space inductively [2]. There is little problem generalizing that technique to the cardinal
ω1. The problem has been to make sure that the space is a Morita P -space. Whereas this
doesn’t seem to be possible directly, making all open sets orderly and a lot of sets Gδ
(Lemma 2.1(b)) works.
Our terminology and notation follows the standards of set-theoretic topology [6].
1. The construction of Xκ
Let us fix a cardinal κ  w1. The set of points for the space Xκ (also denoted by Xκ )
will be 2κ × ω1. For every µ< ω1, let Wµ = 2κ ×µ denote the union of the first µ rows,
and for every β < 2κ , let Cβ = {β} × ω1 denote the β th column of Xκ . Observe that each
column Cβ is equipped with the interval topology of ω1 through its second coordinate; we
will denote this topology on Cβ by Oβ . We will say that a set A⊂ 2κ × ω1 is orderly, if
A ∩ Cβ ∈ Oβ for every β < 2κ . In this section we will define a subbase B consisting of
orderly sets for the topology of Xκ .
Start with
B0 = {Wµ: µ<ω1} ∪
{
Xκ \ {x}: x ∈Xκ
}
.
Z. Balogh / Topology and its Applications 115 (2001) 333–341 335
Let λ = 22κ. By induction on ξ < λ, we are going to define an increasing sequence
〈Bξ 〉ξ<λ of families of orderly subsets of Xκ , and then define the topology on Xκ by
B =⋃ξ<λBξ as a subbase.
B0 is already defined. To proceed, let 〈Sξ 〉0<ξ<λ be a list that mentions each subset of 2κ
exactly once and each binary cover of Xκλ many times. (We shall use Sξ = Yξ if Sξ ⊂ 2κ
and Sξ = 〈U0ξ1U1ξ 〉 if Sξ is a binary cover.) If Sξ = Yξ ⊂ 2κ , then let Sξ A= Yξ ∩A, and
if Sξ = 〈U0ξ ,U1ξ 〉 is a binary cover of Xκ , then let Sξ A = 〈U0ξ ∩ A,U1ξ ∩ A〉. Our goal
throughout the induction will be to make Y × ω1 a Gδ-set for every Y ⊂ 2κ , and to give
every open binary cover a clopen shrinking. Control triples will guide us in doing so.
Definition 1.1. 〈A,D,u〉 is a control triple if the following conditions are satisfied:
(C1) A=A0 × ω1 for some A0 ∈ [2κ]κ ;
(C2) |D| κ and each element of D is a binary cover of A;
(C3) u is a function with dom(u)⊂A;
(C4) for every x ∈ dom(u),u(x) is a finite set each element of which is either a binary
cover of A or a pair 〈E,n〉 with E ⊂A0 and n ∈ ω;
(C5) the sets u0(x) = {all binary covers in u(x)} ∪ {E: there is an n ∈ ω such that
〈E,n〉 ∈ u(x)}, x ∈ dom(u), are pairwise disjoint and each is disjoint from D.
Now, let 〈Aβ,Dβ,uβ〉β<2κ list all control triples mentioning each 2κ times. We are ready
to proceed with the definition of Bξ , 0 < ξ < λ. (Recall that B0 is already defined.) A set
open in the topology on Xκ generated by Bξ as a subbase will be called ξ -open.
If τ < λ is a limit ordinal, then set Bτ =⋃ξ<τ Bξ .
If τ = ξ + 1, then we consider several cases according to what Sξ is.
Case 1. Suppose Sξ = 〈U0ξ ,U1ξ 〉 is a binary cover, that both U0ξ and U1ξ are ξ -open, and
that there is no ξ ′ < ξ such that Sξ ′ = Sξ and 〈U0ξ ′ ,U1ξ ′ 〉 are ξ ′-open. Note that since Bξ
consists of orderly sets, both U0ξ and U1ξ are orderly.
We are going to define a binary partition 〈B0ξ ,B1ξ 〉 of Xκ into orderly sets in such a way
that Biξ ⊂Uiξ (i = 0,1). We will then set
Bξ+1 = Bξ ∪ {B0ξ ,B1ξ }.
Which 〈β,µ〉 is assigned to which Biξ is going to be decided by induction on β < 2κ .
In the β th step we will assign every 〈β,µ〉 ∈ Cβ either to B0ξ or B1ξ . Suppose that we are
already done for points in
⋃
α<β Cα , and consider the column Cβ .
Subcase 1.1. If Sξ Aβ ∈Dβ , then
(1.1.a) if there is an i < 2 such that Cβ ⊂Uiξ , then pick such an i and set Cβ ⊂ Biξ ;
(1.1.b) otherwise, shrink 〈U0ξ ∩ Cβ,U1ξ ∩ Cβ 〉 into any binary partition 〈B0ξβ,B1ξβ〉 of
Cβ such that both B0ξβ and B1ξβ are open inOβ and set Biξ ∩Cβ = Biξβ(i = 0,1).
Subcase 1.2. If Sξ Aβ ∈ u0β(x) for some x = 〈α,µ〉 ∈ dom(uβ), then note first that by
(C5), there is only one such x and Subcase 1.1 doesn’t hold. Also recall that if α < β ,
Cα ∩Biξ is already determined. Then
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(1.2.a) if α < β and there is an i < 2 such that x ∈ Biξ and {β} × (µ + 1) ⊂ Uiξ ,
then shrink 〈Ujξ ∩ (Cβ \ {β} × (µ + 1))〉j<2 into a partition 〈Bjξβ 〉j<2 of
Cβ \ ({β} × (µ+ 1)) such that both B0ξβ and B1ξβ are open in Oβ , and set
Biξ ∩Cβ = Biξβ ∪
({β} × (µ+ 1)), B1−iξ ∩Cβ = B1−iξβ ;
(1.2.b) otherwise proceed as in (1.1.b).
Subcase 1.3. If neither Subcase 1.1 nor Subcase 1.2 holds, then proceed as in (1.1.b).
Case 2. Suppose Sξ = Yξ for a subset Yξ of 2κ . Then we are going to define a decreasing
sequence Gnξ = Ynξ × ω1, n ∈ ω, of subsets of Xκ such that
⋂
n∈ω Gnξ = Yξ × ω1. Then we
set
Bξ+1 = Bξ ∪
{
Gnξ : n ∈ ω
}
.
For each β ∈ 2κ \ Yξ , we need to decide the biggest n such that Cβ ⊂Gnξ .
Subcase 2.1. If Yξ ∩ Aβ ∈ u0β(x) for some x = 〈α,µ〉 ∈ dom(uβ), then first note that
there is only one such x by (C5). Let m ∈ ω be biggest with 〈Yξ ∩ Aβ,m〉 ∈ uβ(x). If
β /∈ Yξ , then let Cβ ⊂ Gnξ for n  m, and Cβ ∩ Gnξ = ∅ for n > m. If β ∈ Yξ , then let
Cβ ⊂Gnξ for every n ∈ ω.
Subcase 2.2. If Subcase 2.1 doesn’t hold, then for every n ∈ ω, let Cβ ⊂Gnξ if and only
if β ∈ Yξ .
We have finished the definition of Bξ for ξ < λ. Let
Hi = {ξ < λ : Case i holds} (i = 1,2),
and let H =H1 ∪H2.
A subbase for the topology of Xκ is B =⋃ξ<λBξ .
2. Xκ is a normal Morita P -space
Lemma 2.1.
(a) The space Xκ is a strongly zero-dimensional T1-space.
(b) For every Y ⊂ 2κ , Y ×ω1 is a Gδ subset of Xκ .
Proof. (a) Xκ is a T1-space, because by the definition of B0, each set Xκ \ {x}, x ∈ Xκ ,
is open. To prove that Xκ is strongly zero-dimensional, let U0,U1 be a binary open cover
of Xκ . Since cf(22
κ
) > 2κ , there is a ξ < 22κ (= λ) such that U0,U1 are ξ -open. Since
each binary cover was mentioned λ times, there is a (possibly bigger) ξ < λ such that
〈U0,U1〉 = 〈U0ξ ,U1ξ 〉 and U0,U1 are ξ -open and thus we can take the smallest such ξ .
Then ξ ∈H1 and 〈B0ξ ,B1ξ 〉 is a pairwise disjoint clopen shrinking of U0,U1.
(b) follows from Yξ =⋂n∈ω Gnξ . ✷
Definition 2.2. X is a Morita P -space if and only if for every index set I and for every
open cover 〈Uσ 〉σ∈I<ω such that τ ⊂ σ in I<ω implies Uτ ⊂ Uσ , there is a system
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〈Fσ 〉σ∈I<ω of closed sets such that Fσ ⊂ Uσ for σ ∈ I<ω and whenever ψ ∈ Iω is such
that
⋃
n∈ω Uψn =X, then
⋃
n∈ω Fψ |n =X.
Lemma 2.3. Xκ is a Morita P -space.
Proof. Given 〈Uσ 〉σ∈I<ω as in Definition 2.2, let us define Yσ = {β < 2κ : Cβ ⊂Uσ }. Since
(2κ \Yσ )×ω1 is a Gδ-set, there are closed sets 〈Kjσ 〉j∈ω with Yσ ×ω1 =⋃j∈ω Kjσ . If n=
the length of σ , then let us set
Fσ =
⋃{
Kjτ : τ ⊂ σ, j  n
}
.
Clearly, Fσ ⊂ Yσ × ω1 ⊂ Uσ for σ ∈ I<ω . To prove that ⋃n∈ω Uψn = Xκ implies⋃
n∈ω Fψn = Xκ , let x = 〈β,µ〉 ∈ Xκ . Since the order topology on Cβ is countably
compact, there is an m ∈ ω such that Cβ ⊂ Uψ |m. Then β ∈ Yψm so there is an j ∈ ω
with x ∈Kjψm. Then for any nmax{j,m}, x ∈ Fψ |n. ✷
We will now describe a neighborhood base for Xκ .
Fix x = 〈α,µ〉 ∈ Xκ . For ξ ∈ H1, let x(ξ) be the unique i < 2 with x ∈ Biξ . Then a
neighborhood base for x is given by all sets of the form Vt1, t2,
K(x)=
⋂
ξ∈t1
B
x(ξ)
ξ ∩
⋂
〈ξ,n〉∈t2
Gnξ ∩ (Wµ+1 \K),
where t1 ∈ [H1]<ω, t2 ∈ [H2 × ω]<ω and K ∈ [Wµ+1 \ {x}]<ω. Introduce the notation
t2,0 = {ξ ∈ H2: there is an n ∈ ω such that 〈ξ, n〉 ∈ t2} and t = t1 ∪ t2,0. Finally, for
ξ ∈H , let
Vt1ξ,t2ξ,K(x)=
⋂
η∈t1∩ξ
Bx(η)η ∩
⋂{
Gnη: 〈η,n〉 ∈ t2 and η < ξ
} ∩ (Wµ+1 \K).
Definition 2.4. We will say that a basic open neighborhood Vt1,t2,K(x) is complete if for
every ξ ∈ t1,Vt1ξ,t2ξ,K(x)⊂Ux(ξ)ξ .
Completeness Lemma 2.5. For every neighborhood Vt1,t2,K(x) of x , there is a complete
neighborhood V
t1′ ,t2′ ,K ′(x) of x such that t1
′ ⊃ t1, t2′ ⊃ t2 and K ′ ⊃K .
Proof. For an incomplete neighborhood Vt1,t2,K(x) let ξt1,t2,K denote the smallest ξ ∈ t1
such that Vt1ξ,t2ξ,K(x) ⊂Ux(ξ)ξ . Our lemma follows from the following
Claim. For every incomplete neighborhood Vt1,t2,K(x), there is a neighborhood
V
t1′ ,t2′ ,K ′(x) such that t
1′ ⊃ t1, t2′ ⊃ t2,K ′ ⊃ K and either V
t1′ ,t2′ ,K ′(x) is complete or
ξt1′ ,t2′ ,K ′ < ξt1,t2,K .
To prove the claim, let ξt1,t2,K = η. Since x ∈Ux(η)η and Ux(η)η is η-open, there are t1′′ ∈
[H1 ∩ ξ ]<ω, t2′′ ∈ [(H2 ∩ ξ)×ω]<ω , K ′′ ∈ [Wµ \ {x}]<ω such that Vt1′′ ,t2′′ ,K ′′(x)⊂Ux(η)η .
Then t1′ = t1′′ ∪ t1, t2′ = t2′′ ∪ t2, K ′ =K ′′ ∪K are as desired. ✷
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3. 〈Wµ〉µ<ω1 has no refinement by  κ many closed sets: finding β
Indirectly suppose that there is a sequence 〈Zγ 〉γ<κ of closed sets such that⋃γ<κ Zγ =
Xκ , and for every γ < κ there is a µγ < ω1 with Zγ ⊂Wµγ . For each γ < κ , consider
the unique ξγ ∈H1 such that U0ξγ =Wµγ , U1ξγ =Xκ \ Zγ . Then 〈B0ξγ ,B1ξγ 〉 is a pairwise
disjoint shrinking of the pair 〈Wµγ ,Xκ \Zγ 〉 into clopen sets. For every x = 〈α,µ〉 ∈Xκ
let
Vγ (x)=
⋂
ξ∈t1γ (x)
B
x(ξ)
ξ ∩
⋂
〈ξ,n〉∈t2γ (x)
Gηγ ∩ (Wµ+1 \Kγx), for γ < κ,
be a system of complete neighborhoods such that
(N-1) ξγ ∈ t1γ (x);
(N-2) if β > supA0β , x ∈ Aβ and θ ∈
⋃
γ<κ t
1
γ (x), then for every µ < ω1, θ ∈⋃
γ<κ t
1
γ (β,µ).
(Note that we used t1γ (β,µ) instead of the cumbersome t1γ (〈β,µ〉).)
To make sure (N-2), we will start with a system 〈Vγ (x)〉γ<κ,x∈Xκ satisfying (N-1). By
recursion on β < 2κ we will define for each µ<ω1 a system 〈V ∗γ (β,µ)〉γ<κ of complete
neighborhoods such that if
V ∗γ (β,µ)= Vt1γ ∗(β,µ),t2γ ∗(β,µ)Kγ ∗〈β,µ〉(β,µ),
then t iγ ∗(β,µ)⊃ t iγ (β,µ) (i = 1,2), Kγ ∗〈β,µ〉 ⊃ Kγ 〈β,µ〉 and β satisfies the statement in
(N-2).
Suppose β < 2κ, β > supA0β and we are done for β ′ < β . Let
Tβ =
⋃{
t1γ ∗(x): x ∈Aβ,γ < κ
}⊂H1.
Since |Tβ |  κ , we can enumerate Tβ as 〈θγ 〉γ<κ . Fix µ < ω1. For each γ < κ , define
an extension Vγ ∗(β,µ) of Vγ (β,µ) in such a way that θγ ∈ t1γ ∗(β,µ). Then Tβ ⊂⋃
γ<κ t
1
γ ∗(β,µ).
Let H((2γ )+) denote the set of all sets whose transitive closure has cardinality
 2λ. Now let M,N be elementary submodels of H((2λ)+) = in such a way that
|M| = |N | = κ , and ω1,Xκ , 〈Sξ 〉ξ<λ, H1, H2, 〈B0ξ , B1ξ 〉ξ∈H1 , 〈Gnξ 〉ξ∈H2,n∈ω,
〈t iγ (x)〉x∈Xκ,γ<κ,i<2, 〈ξγ 〉γ<κ ∈M ∈N .
Let A = N ∩ Xκ = (N ∩ 2κ) × κ (note A0 = N ∩ 2κ), R = M ∩⋃{t1γ (x): x ∈ A,
γ < κ}, D = {Sξ A: ξ ∈ R}.
Proposition 3.1. There is a function u such that 〈A,D,u〉 is a control triple and whenever
v :Xκ →[H1 \M]<ω ∪ [(H2 \M)×ω]<ω is a function of cardinality κ such that v ∈N
and v0(x) = H1 ∩ v(x) ∪ {ξ ∈ H2: ∃n〈ξ, n〉 ∈ v(x)}, x ∈ dom(v), are pairwise disjoint,
then there is an x ∈ dom(u)∩ dom(v) such that
u(x)= {Sξ A: ξ ∈ v(x)∩H1
}∪ {〈Yξ ∩A,n〉: 〈ξ, n〉 ∈ v(x)∩ (H2 ×ω)
}
.
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Proof. Let 〈vj 〉j<κ list all functions v as in Proposition 3.1, mentioning each κ times. By
induction on j , pick distinct {xj : j < κ} ⊂N ∩Xκ in such a way that j <m< κ implies
v0j (xj )∩ v0m(xm)= ∅. Let
dom(u)= {xj : j ∈ ω}
and
u(xj )=
{
Sξ A: ξ ∈ vj (xj )∩H1
} ∪ {〈Yξ ∩A,n〉: 〈ξ, n〉 ∈ vj (xj )∩ (H2 ×ω)
}
.
To show that (C5) holds, we need to prove that
(a) u0(xj ) ∩D = ∅ for every j < κ ;
(b) j <m<ω implies u0(xj )∩ u0(xm)= ∅.
Suppose indirectly that u0(xj )∩D = ∅, i.e. there are ξ ∈ vj (xj )∩H1, η ∈ R ⊂M ∩H1
such that Sξ A= Sη A. (Note Yξ ∩A /∈D is automatic.) We are going to show that ξ, η ∈
N . Indeed η ∈N follows from η ∈M . To see ξ ∈N , note that by vj , xj ∈N, vj (xj ) ∈N .
Since vj (xj ) is a finite set, ξ ∈ vj (xj )⊂N . Since ξ, η ∈ N and Sξ A= Sη A, it follows
that Sξ = Sη . Since ξ, η ∈ H1, the minimality condition in Case 1 implies ξ = η. Then
ξ ∈ vj (xj )∩ (H1 ∩M)= ∅, contradiction.
The proof of (b) is similar. ✷
Let us fix a function u as in Proposition 3.1.
Lemma 3.2 (Reflection Lemma). Suppose γ < κ,µ < ω1, β > supA0, and let r1 =
t1γ (β,µ)∩M , r2 = {ξ ∈H2: there is an n ∈ ω with 〈ξ, n〉 ∈ t2γ (β,µ)∩M}, and r0 = r1∪r2 .
Then there is an x = 〈α,µ〉 ∈ dom(u) such that
(a) t1γ (x)∩M = r1 and {ξ ∈H2: ∃n ∈ ω〈ξ, n〉 ∈ t2γ (x)∩M} = r2;
(b) for every ξ ∈ r1x(ξ)= 〈β,µ〉(ξ);
(c) for every ξ ∈ r2 and n ∈ ω, 〈ξ, n〉 ∈ t2γ (x) if and only if 〈ξ, n〉 ∈ t2γ (β,µ);
(d) u(x)= {Sξ A: ξ ∈ t1γ (x) \M} ∪ {〈Yξ ∩A,n〉: 〈ξ, n〉 ∈ t2γ (x) \M}.
Proof. Let f1 be the function with dom(f1)= r1 and f1(ξ)= 〈β,µ〉(ξ) for every ξ ∈ r1.
Let T = (r2 ×ω)∩ t2γ (β,µ). Observe that f1, T ∈M .
Let φ(δ) denote the statement “for every ξ ∈ r1, ξ ∈ t1γ (δ,µ) and 〈δ,n〉(ξ)= f1(ξ), and
for every 〈ξ, n〉 ∈ r2 ×ω, 〈ξ, n〉 ∈ t2γ (δ,µ) if and only if 〈ξ, n〉 ∈ T ”.
Note that all parameters of φ(δ) are from M and φ(β) holds true. Let us introduce
the notation t0γ (x) = t2γ (x) ∪ {ξ : there is n ∈ ω with 〈ξ, n〉 ∈ t2γ (x)}. Now let ψ(E) be
the statement “for every δ ∈ E,ψ(δ) holds, and δ′ = δ in E implies (t0γ (δ,µ) \ r0) ∩
(t0γ (δ
′,µ) \ r0) = ∅”. (Recall r0 = r1 ∪ r2.) Let E ⊂ 2κ be a maximal set with ψ(E).
Since all parameters in ψ(E) are from M , we can and will assume that E ∈M . Note that
|E| > κ , because if we had |E|  κ we would have E ⊂ M , and then E ∪ {β} would
contradict maximality of E. Thus the set
E1 =
{
δ ∈E: (t0γ (δ,µ) \ r0)∩M = ∅
}
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has cardinality > κ . Let v be the function with dom(v) = E1 × {µ} and for every
x ∈ dom(v),
v(x)= (t1γ (x) \M
)∪ (t2γ (x) \M
)
.
Note that by M ∈ N , v ∈ N . Thus by Proposition 3.1, there is an x ∈ dom(u) ∩ dom(v)
with
u(x)= {Sξ A: ξ ∈ t1γ (x) \M
}∪ {〈Yξ ∩A,n〉: 〈ξ, n〉 ∈ t2γ (x) \M
}
.
This x satisfies (a)–(d) of Lemma 3.2. ✷
Now let us fix a β > sup(A0) such that 〈A,D,u〉 = 〈Aβ,Dβ,uβ〉.
4. 〈Wµ〉µ<ω1 has no refinement with  κ closed sets: Homogeneity of β
Consider β defined at the end of Section 3. If ξ ∈ H1, then let us say that β is ξ -
homogeneous if and only if there is an i < 2 such that Cβ ⊂ Biξ . Recall the definition
of Zγ and ξγ from the beginning of Section 3.
Proposition 4.1. There is a γ < κ such that β is not ξγ -homogeneous.
Proof. Since
⋃
γ<κ Zγ = Xκ , we can pick a γ < κ such that Zγ ∩ Cβ = ∅. Then
Biξγ ∩Cβ = ∅ for i = 0,1. ✷
Since by (N-1), {ξγ }γ<κ ⊂R, Proposition 4.1 will contradict the following lemma.
Lemma 4.2 (Main Lemma). For every ξ ∈R, β is ξ -homogeneous.
Proof. Suppose indirectly that there is a minimal θ ∈ R =M ∩⋃{t1γ (x): x ∈ A,γ < κ}
such that β is not θ -homogeneous. By Sθ A ∈D and (1.1.a) in the definition of 〈B0θ ,B1θ 〉
if follows that there is no i < 2 such that Cβ ⊂ Uiθ . Therefore and by (N-2), we can fix a
µ<ω1 and γ < κ such that θ ∈ t1γ (β,µ) and there is no i < 2 such that {β}×(µ+1)⊂Uiθ .
Now, let x = 〈α,µ〉 be as guaranteed by Lemma 3.2. We are going to show that
{β} × (µ+ 1)
⊂
⋂
ξ∈t1γ (x)∩θ
B
x(ξ)
ξ ∩
⋂{
Gnξ : ξ < θ and 〈ξ, n〉 ∈ t2γ (x)
}∩ (Wµ+1 \Kγx). (∗)
By completeness, this implies {β} × (µ + 1) ⊂ Ux(θ)θ in contradiction with our
assumption above.
Since by γ, x ∈ N,Kγx ⊂ N and since ({β} × (µ + 1)) ∩ N = ∅, it follows that
{β} × (µ+ 1)⊂Wµ+1 \Kγx .
By induction on ξ < θ we are going to show that
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(Iξ ) ξ ∈ t1γ (x)∩ θ implies {β} × (µ+ 1)⊂ Bx(ξ)ξ and
〈ξ, n〉 ∈ t2γ (x), ξ < θ implies {β} × (µ+ 1)⊂Gnξ ,
proving (∗).
Suppose that for every η < ξ we have proved (Iη). To handle ξ , we will consider four
cases.
Case 1.1. If ξ ∈ t1γ (x)∩ θ ∩M , then since by the minimality of θ , β is ξ -homogeneous,
there is an i < 2 such that Cβ ⊂ Biξ . By conditions (a) and (b) in Lemma 3.2, x(ξ) =
x(β,µ)= i , so Cβ ⊂ Bx(ξ)ξ and thus {β} × (µ+ 1)⊂ Bx(ξ)ξ .
Case 1.2. If ξ ∈ t1γ (x)∩ θ \M , then by condition (d) in Lemma 3.2, Sξ Aβ ∈ uβ(x).
Since Vγ (x) is a complete neighborhood and (Iη) holds for every η < ξ , it follows that
{β} × (µ+ 1) ⊂
⋂
η∈t1γ (x)∩ξ
Bx(η)η ∩
⋂{
Gnη: η < ξ and 〈η,n〉 ∈ t2γ (x)
}∩ (Wµ+1 \Kx)
⊂ Ux(ξ)ξ .
Thus by (1.2.a) in the definition of 〈B0ξ ,B1ξ 〉, {β} × (µ+ 1)⊂ Bx(ξ)ξ .
Case 2.1. If 〈ξ, n〉 ∈ t2γ (x)∩M and ξ < θ , then by condition (c) in Lemma 3.2 it follows
that 〈ξ, n〉 ∈ t2γ (β,µ), so 〈β,µ〉 ∈Gnξ = Y κξ ×ω1. Since Cβ ∩Gnξ = ∅ implies Cβ ⊂Gnξ , it
follows that {β} × (µ+ 1)⊂ Cβ ⊂Gnξ .
Case 2.2. If 〈ξ, n〉 ∈ t2γ (x)\M , then by (d) in Lemma 3.2, Sξ A= Yξ ∩A ∈ u0(x). Thus
by Subcase 2.1 in the definition of Gnξ , {β} × (µ+ 1)⊂ Cβ ⊂Gnξ .
With all cases exhausted, our proof of (∗), and thus, of Lemma 4.2 is complete. ✷
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